INTRODUCTION
Resonant inverters are more and more used in lightning applications, radio transmitters or induction heating due to its lower losses and better power density. However, the operation of a resonant inverter depends greatly on the system load and the switching frequency. Thus, an accurate-enough model that represents the dominant behavior of the topology to be controlled is mandatory for controller design.
The classical modeling techniques for power converters such as state-space and switch average methods [1] have been widely used and provide accurate models up to half switching frequency. These approaches are based on considering a smallripple over the operating point because of the low cutoff frequency of the output filter. However, this premise is no longer valid for resonant inverters because of the closeness of the switching frequency with the resonant-tank natural frequency.
There are several modeling techniques for resonant converters such as the phasor transformation [2] , the extended describing function [3] and the generalized averaging method [4] . These approaches assume that the state variables are periodic functions that can be decomposed in Fourier series. Once sine and cosine (or magnitude and phase) parts of each state variable have been obtained, a harmonic balance is performed. This step doubles the state variables number increasing the size of the state matrix A. This leads to a more complex model to handle than those obtained for non-resonant converters.
Dynamic envelope modeling is a different modeling approach based on the response of the resonant tank to the fundamental component and its sidebands [5] . Although it provides a model with a closer physical understanding and more direct expressions, the order of the transfer functions is not reduced. Even if the resulting transfer functions can sometimes be simplified, depending on the particular electrical parameters and the working point, the aim of this paper is to provide a systematic approach that allows us to obtain a reduced-order model of a resonant inverter.
This work is focused on obtaining a reduced-order model of a half-bridge series resonant inverter (HBSRI) for power control in a domestic induction heating (DIH) application. Due to the considered thermal application, the bandwidth of interest is low. Consequently, a reduced-order model that retains the system behavior at low frequencies is sought.
In the considered application, the inductor-vessel set is the system load, Fig.1 .a. It can be modeled as an equivalent series resistance inductance R-L. These electrical parameters vary with several variables such as the vessel material, the coilvessel alignment or the temperature [6] . Regarding the control system, the characteristic variability of the resonant tank is the main challenge of this application [6] . Thus, the robust performance of an application with so marked uncertainties is usually poor. Therefore, a model that provides simpler analytical expressions will facilitate the design of advanced controllers such as Gain-Scheduling [7] or Inverse-based [8] . Consequently, the proposal of a reduced-order model will yield a better robust performance in the considered application.
Although the presented work is focused on a HBSRI in DIH, the proposed methodology can be easily extended to other topologies and specifically more beneficial for high-order resonant ones. The manuscript is organized as follows. Section II provides the small-signal model obtained by the harmonic balance approach. Section III shows different reduced-order modeling techniques and obtains the proposed one by residualization. Section IV compares the proposed reducedorder model with simulation and experimental results. Finally, Section V reports the conclusions of the work.
II. SMALL-SIGNAL MODEL
One of the most widely used topologies in domestic induction heating is the HBSRI, Fig.1 .a, because of its good cost-performance relationship. Due to the competitive exigency of this application, a previous dc-dc converter that varies the dc bus voltage V g has not been included. The considered modulation is the Variable Frequency Pulse Width Modulation (VFPWM), Fig.1 .b, where the control variables are the switching frequency f sw and the duty cycle D. The variable to control is the output power P.
A small-signal model of a HBSRI considering the harmonic balance method is presented in [9] and briefly summarized in this section. The HBRSI can be modeled by the following state-space description:
Taking into account the fundamental-harmonic approximation, the state variables and the output voltage can be decomposed as follows:
Substituting (2-4) in (1), four state equations are obtained in the following compact way:
where:
Applying the classical linearization procedure, a linear model is obtained as:
The output power perturbation can be expressed as:
Thus, the small-signal transfer functions for the first harmonic can be obtained as:
The analytical expressions of the duty-to-output-power G pd,1 (s), and the frequency-to output-power G pf,1 (s) transfer functions are shown in the appendix. They consist of three and two zeros respectively and the same two double poles, often called beat-frequency poles [9] . Although a harmonic balance approach has been considered, similar results can be obtained by other modeling techniques because all of them are based on the same basic assumptions.
Since the variable to control is the active power P, not the instantaneous one p(t), the integration process involved in the active power perturbation must be considered in (14) (15) . This effect can be modeled with the following block [10] :
This block models the integration process and the introduced delay in the active power perturbation. The frequency response of this block is depicted in Fig.2 where frequency has been normalized by the operating f sw . The effect of H d (s) starts to be non-negligible from a tenth of f sw where the phase decays appreciably. For the sake of simplicity, this nonrational block has not been considered in the following sections. 
III. MODEL ORDER REDUCTION
Modern controller design methods usually produce controllers of order at least equal to that of the plant [11] . In order to simplify the controller design with easier analytical expressions of the plant (14-15), a reduced-order model is sought. The main idea of model order reduction techniques consists in finding an alternative model of lower order that preserves the dominating input-output behavior. When modeling high-order power topologies, reduced-order models can be sometimes found if the influence of certain nondominant elements is neglected [2, 12] . However, this approach cannot be considered for a HBSRI.
Balanced system reduction techniques are based on discarding those realization modes that are less controllable and observable [11, 13] . Before applying these techniques, a balance realization is needed. This realization consists in applying a similarity transformation so that the controllability and observability Gramians are equal and diagonal. Thus, each state is just as controllable as observable. The contribution of each mode to the input-output behavior is measured by the Hankel singular values. Fig.3 shows the normalized Hankel singular values of G pd,1 (s) and G pf,1 (s) for the parameters reflected in Table I . It can be seen that there are not predominant Hankel singular values, more significantly in G pd,1 (s). Since every mode contributes significantly to the total energy of the system, a balanced reduction is discarded.
Since the bandwidth of interest is low because of the considered thermal application, a model reduction technique that preserves the low frequency information of the original model is preferred. In order to preserve the steady-state gain, a residualization of (1) is considered. Residualization consists in neglecting the dynamics of those states whose contribution is smaller [11] . Being that the input vector block related with the capacitor voltage (8) is null, these state variables v Cc,1 , v Cs,1 , are less involved in the energy transfer from the input to the output. Thus, the dynamics of v Cs,1 and v Cc,1 in (1) are residualized, i.e. their derivatives are nulled. Thus, steady-state relationships between state-space variables are obtained as: 
The obtained transfer functions G pd,1r (s) and G pf,1r (s) are reflected in the appendix. The resulting transfer functions have been reduced from a fourth-order system to a second-order system. In addition to this, two zeros from each transfer function have been also removed. It has to be highlighted that the relative order of both transfer functions is preserved after the residualization.
Considering the magnitude order of R, L in domestic induction heating, Table I , a more reduced-order model can be obtained with the following approximation:
Thus, neglecting the s 2 term of the denominator, first-order transfer functions G pd,1r1 (s) and G pf,1r1 (s) are obtained in the appendix. Considering that the quality factor Q of the R-L is kept constant with f sw in DIH, the approximation made in (24) is considered valid up to: Fig.4 .c-d. Due to the quite different effect of both control inputs, an adequate scaling has been performed normalizing by the maximum power and maximum action. It has been depicted the bode plots of the switched model, the harmonic balanced models G pd,1 (s),  G pf,1 (s), the residualized models, G pd,1r (s), G pf,1r (s), and theirs  first-order approximations G pd,1r1 (s), G pf,1r1 (s) .
The slight dc gain error is caused because of the fundamental harmonic approximation [9] . This error is more accused in Fig.4.c-d because the working point is further from resonance. The switched model decreases its phase before the proposed reduced-order models do. This is mainly caused because of the pole location approximations. This effect is clearly observed in Fig.4.b and Fig.4 .d. However, the proposed reduced-order models are able to predict the zero location in G pd,1 (s), as can be seen in Fig.4 .c.
A good agreement up to frequencies about one tenth of f sw is obtained, even for the first-order approximation for the typical Q values in DIH. It can be observed that the residualized model of second order G pd,1r (s), G pf,1r (s), is slightly better than its first-order approximation G pd,1r1 (s), G pf,1r1 (s). In order to measure the committed error, the H ∞ of the absolute error is reflected in Table II . It can be observed that the absolute H ∞ error is self-contained. Once the proposed reduced-order models have been validated by simulation, some experimental tests have been conducted. Fig.5 shows the experimental set-up for the validation of the proposed reduced-order models. The considered method to measure the transfer function of the HBSRI is reported in [14] . The experimental results are depicted in Fig.6 for (f sw , D) = (42 kHz, 0.45) and the same electrical parameters reflected in Table I . The obtained results for G pd,1 (s) are shown in Fig.6.a and those obtained for G pf,1 (s) are shown in Fig.6 .b. Although the experimental results have been conducted with a commercial vessel, not a normalized induction heating load, a good agreement between experimental results and the proposed reduced-order models has been obtained. The experimental results confirm that the validity range of the proposed reduced-order models extends up to one tenth of f sw . 
V. CONCLUSIONS AND FUTURE WORK
A reduced-order model by residualization of a HBSRI has been proposed and validated for power control in domestic induction heating applications. Not only the residualized model, but also its first-order approximation, provides a validity range about one tenth of f sw . The contribution of this work will lead to easier implementations of more advanced controllers such as Gain-Scheduling [11] or Inverse-based control [12] . Thus, the robust performance of an application with such resonant tank variability will improve greatly. The reported work presents a systematic approach that can be easily extended to other topologies, specifically best-suited for highorder resonant inverters. Future work will consider the design of an advanced controller.
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